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 Abstract 
 

Streptococcus suis infection is a zoonotic disease that can spread 
from pigs to humans. The infection can cause permanent deafness in 
people. Although it is considered as a neglected zoonotic pathogen, 
the prevalence of this infection has not measurably decreased in 
recent years. In this research, we proposed mathematical models of 
S. suis infection in both human and pig populations. Disinfectant 
sterilization in swine farms and educational campaigns were 
considered for cooperative control strategies. The aim of this study 
was to derive an optimal control strategy by using optimal control 
techniques associated with an existing epidemic model. Equilibrium 
points and the basic reproduction numbers were analyzed to 
determine the effect of control parameters in the constant case. For 
the optimal control problem, we showed numerically that the 
optimal control functions effectively reduced the number of 
infectious individuals within a finite time. However, the suggested 
control functions had more impact on the human group than the 
swine group.  The sensitivity analysis implied that the control of 
swine population should be focused on the surveillance of weaning 
piglets. 

 
 
1. Introduction 
 
Streptococcus suis is a zoonotic bacterial pathogen of swine [1]. Streptococcus suis is usually carried 
in the upper respiratory tract, especially in the tonsils and nasopharynx of pigs, and in the 
reproductive system [2-4]. The disease can be transmitted from sows to piglets through the womb 
or vagina, and it is often found when several piglets are brought together during weaning. The  
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symptoms in pigs are meningitis, arthritis, blindness, endocarditis, and pneumonia [5]. 
Streptococcus suis can be transmitted from pigs to humans by direct contact with wounds on the 
skin or around the conjunctiva of infected pigs, and also by the consumption of raw pork 
contaminated with S. suis. In humans, infected patients may develop symptoms ranging from fever, 
headache, meningitis, and septicemia [6], which can eventually lead to death. Moreover, the 
complications of S. suis infection is myasthenia gravis, and hearing loss to the point of being deaf. 
[6]. 
 Streptococcus suis infection has been reported in many countries, particularly in countries 
with significant swine farming. Most of the global cases of infection in patients were reported in 
Southeast Asia such as China, Japan, Vietnam, and Thailand [7, 8]. In Thailand, there is an infection 
rate of about 200-350 people per year, with a high mortality rate of about 5-10% [9]. Yet, the risk 
factors associated with S. suis infection in pigs are not well-understood. Several variables such as 
respiratory syndrome virus co-infection at weaning, inflammation, oxidative stress, and 
environmental factors have been investigated [10]. It is suggested that control of infections with 
other pathogens, improvement of environmental conditions and reduction of stress may help reduce 
the incidence of S. suis disease in livestock. Risk factors associated with acquiring S. suis infection 
in human populations included raw pork consumption, pig-related occupation, pigs or pork 
exposure, and skin injury especially during pork exposure [11]. Due to preventive use of 
antimicrobials in livestock and lack of effective vaccines, increasing and sharing of knowledge on 
this pathogen is of utmost importance [12]. Food safety, hygiene, and health education should be 
encouraged to reduce the threat to humans [13]. Besides the losses in the swine livestock sector 
because of outbreak of S. suis, infections in human can impose a burden on healthcare systems and 
treatment expenses. Therefore, during the epidemic episode, the control strategy applied in livestock 
may be questioned regarding the reduction in the transmission potential in the human population.  

To address that issue, a theoretical model in which the applied control measures were 
optimized was our focus. The use of mathematical model can bring a better understanding of the 
transmission dynamics, can help to predict disease spread patterns, and can be used to evaluate the 
effectiveness of the control strategy. Mathematical modeling of S. suis infection was proposed where 
the infection took place only in swine livestock [14]. The model described the effectiveness of the 
disinfection and vaccination measures for swine farms in southern China. Recently, Chaiya et al. 
[15] presented a mathematical model for S. suis infection in both swine and human populations that 
was concerned with the effects of humidity on the infection. However, the control measures were 
only targeted at livestock. Although such models include the possible relevant factors to bring about 
a better understanding of the dynamics of transmission and control measures, little is known about 
how systems evolve with time-dependent control parameters. Thus, the focused problem should aim 
at determining the optimal values for these control parameters. Since strict control measures on a 
farm require economic tradeoffs, it is interesting to see whether optimal controls that may balance 
cost and effectiveness can be formulated. 

In this research, we formulated a mathematical model to describe the transmission 
dynamics of S. suis infection in both human and pig populations based on the model of Shen et al. 
[14]. The goal was to determine the optimal control measures applied to swine and human 
populations. To this end, we define two control variables, sterilization of pig farms and educational 
campaign strategies to control the transmission of S. suis in swine and humans. An epidemic model 
with constant control parameters was described followed by an analysis of its dynamical properties. 
The basic reproduction number was derived analytically and used to determine the stability 
condition of the equilibrium points. Then, the optimal control problem was defined, and a method 
of solution was described through Pontryagin’s maximum principle. Finally, the numerical results 
for both cases were presented and the sensitivity analysis was performed and discussed. 
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2. Materials and Methods 
 
2.1 Epidemic model with constant control parameters 
 
We first formulated a mathematical model for the transmission dynamics of S. suis in swine and 
human populations. In the model, 𝐵𝐵(𝑡𝑡) denotes the amount of bacteria in the environment at time 𝑡𝑡, 
𝑆𝑆𝑗𝑗  (𝑡𝑡) is the number of susceptible piglets at time 𝑡𝑡, 𝑆𝑆𝑎𝑎(𝑡𝑡) is the number of susceptible adult pigs at 
time 𝑡𝑡. 𝐼𝐼𝑝𝑝(𝑡𝑡), 𝑄𝑄(𝑡𝑡) and 𝑅𝑅𝑝𝑝(𝑡𝑡) represents the numbers of infection, quarantine and recovery of the 
swine population, respectively. 𝑆𝑆ℎ(𝑡𝑡), 𝐼𝐼ℎ(𝑡𝑡) and 𝑅𝑅ℎ(𝑡𝑡) are the numbers of susceptible, infective and 
recovered members of human population, respectively. A diagram of the model is presented in 
Figure 1. 

 

 
 

Figure 1. Transmission diagram for transmission of S. suis. The red lines represent interactions 
leading to infections. 

 
The model can be described by a system of differential equations as follows: 
 

 

𝑑𝑑𝐵𝐵
𝑑𝑑𝑡𝑡

= 𝑘𝑘𝐼𝐼𝑝𝑝 − 𝛿𝛿𝐵𝐵 − 𝑣𝑣1𝐵𝐵, 
𝑑𝑑𝑆𝑆𝑗𝑗
𝑑𝑑𝑡𝑡

= 𝐴𝐴𝑝𝑝 − 𝑚𝑚𝑆𝑆𝑗𝑗 − �𝛽𝛽1𝐼𝐼𝑝𝑝 + 𝛽𝛽2𝐵𝐵�𝑆𝑆𝑗𝑗 − 𝜇𝜇𝑝𝑝𝑆𝑆𝑗𝑗 , 
𝑑𝑑𝑆𝑆𝑎𝑎
𝑑𝑑𝑡𝑡

= 𝑚𝑚𝑆𝑆𝑗𝑗 − �𝛽𝛽3𝐼𝐼𝑝𝑝 + 𝛽𝛽4𝐵𝐵�𝑆𝑆𝑎𝑎 − 𝜇𝜇𝑝𝑝𝑆𝑆𝑎𝑎, 
𝑑𝑑𝐼𝐼𝑝𝑝
𝑑𝑑𝑡𝑡

= �𝛽𝛽1𝐼𝐼𝑝𝑝 + 𝛽𝛽2𝐵𝐵�𝑆𝑆𝑗𝑗 + �𝛽𝛽3𝐼𝐼𝑝𝑝 + 𝛽𝛽4𝐵𝐵�𝑆𝑆𝑎𝑎 − (𝑟𝑟𝑝𝑝 + 𝜇𝜇𝑝𝑝 + 𝑞𝑞)𝐼𝐼𝑝𝑝, 
𝑑𝑑𝑄𝑄
𝑑𝑑𝑡𝑡

= 𝑞𝑞𝐼𝐼𝑝𝑝 − (𝜀𝜀 + 𝜇𝜇𝑝𝑝)𝑄𝑄, 
𝑑𝑑𝑅𝑅𝑝𝑝
𝑑𝑑𝑡𝑡

= 𝑟𝑟𝑝𝑝𝐼𝐼𝑝𝑝 + 𝜀𝜀𝑄𝑄 − 𝜇𝜇𝑝𝑝𝑅𝑅𝑝𝑝, 
𝑑𝑑𝑆𝑆ℎ
𝑑𝑑𝑡𝑡

= 𝐴𝐴ℎ − 𝛽𝛽5𝑆𝑆ℎ𝐼𝐼𝑝𝑝 − 𝜇𝜇ℎ𝑆𝑆ℎ − 𝑣𝑣2𝑆𝑆ℎ , 
𝑑𝑑𝐼𝐼ℎ
𝑑𝑑𝑡𝑡

= 𝛽𝛽5𝑆𝑆ℎ𝐼𝐼𝑝𝑝 − (𝑟𝑟ℎ + 𝜇𝜇ℎ)𝐼𝐼ℎ , 
𝑑𝑑𝑅𝑅ℎ
𝑑𝑑𝑡𝑡

= 𝑟𝑟ℎ𝐼𝐼ℎ − 𝜇𝜇ℎ𝑅𝑅ℎ + 𝑣𝑣2𝑆𝑆ℎ . 

(1) 
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In the model, parameter 𝑘𝑘 is the bacteria shedding rate from an infected pig. 𝛿𝛿 is the decay 
rate of bacteria in the environment. 𝐴𝐴𝑝𝑝  and 𝐴𝐴ℎ  represent the recruitment rates of the swine and 
human population, respectively. 𝑚𝑚 represents the rate which junior pigs grow into adult pigs. 𝛽𝛽1, 
𝛽𝛽2 , 𝛽𝛽3 , 𝛽𝛽4  and 𝛽𝛽5  describe the transmission rates from infected pigs to the susceptible piglets, 
bacteria in the environment to the susceptible piglets, infected pigs to the susceptible adult pigs, 
bacteria in the environment to the susceptible adult pigs, and infected pigs to the susceptible human, 
respectively. 𝑞𝑞  is the transfer rate from infected pigs to quarantined clinical pigs. 𝑟𝑟𝑝𝑝 , 𝑟𝑟ℎ  and 𝜀𝜀 
represent the recovery rates of the swine, human, and quarantined population, respectively. 𝜇𝜇𝑝𝑝 and 
𝜇𝜇ℎ are the death rates of swine and human population, respectively. In model (1), we adopt constant 
parameters 𝑣𝑣1 and 𝑣𝑣2 to describe the control strategy as follows: 𝑣𝑣1 is the rate of sterilization of pig 
farm to reduce number of bacteria and 𝑣𝑣2 is the rate of educational campaign to human population. 
 
2.2 Equilibrium points and reproduction number 
 
By setting the right-hand side of (1) to zero, we obtain two equilibrium points as follows. The 
disease-free equilibrium (𝐸𝐸0) is in the form 
 

 𝐸𝐸0 = �0, 𝑆𝑆𝑗𝑗0, 𝑆𝑆𝑎𝑎0, 0 ,0 ,0, 𝑆𝑆ℎ0, 0,𝑅𝑅ℎ0� (2) 
 
where 
 

 𝑆𝑆𝑗𝑗0 =
𝐴𝐴𝑝𝑝

𝑚𝑚 + 𝜇𝜇𝑝𝑝
, 𝑆𝑆𝑎𝑎0 =

𝑚𝑚𝐴𝐴𝑝𝑝
𝜇𝜇𝑝𝑝�𝑚𝑚 + 𝜇𝜇𝑝𝑝�

, 𝑆𝑆ℎ0 =
𝐴𝐴ℎ

𝜇𝜇ℎ + 𝑣𝑣2
,𝑅𝑅ℎ0 =

𝑣𝑣2𝐴𝐴ℎ
𝜇𝜇ℎ(𝜇𝜇ℎ + 𝑣𝑣2).  

 
To investigate its stability, we determine the famous epidemic threshold quantity, 𝑅𝑅0—the 

basic reproduction number. In epidemiology, it describes the average number of secondary cases 
infected by a primary case introduced into a wholly susceptible population. It was shown in general 
that if 𝑅𝑅0 < 1 , then the disease-free equilibrium is stable, but if 𝑅𝑅0 > 1 , an outbreak occurs  
[16, 17]. Thus, to gain the stability condition for 𝐸𝐸0, it is sufficient to derive only 𝑅𝑅0, while the full 
analysis of stability can be carried out for an ascertaining purpose. 
 We use a next generation method [18] where the matrix of new infections (ℱ ) and the 
matrix of transfer (  ) are given by 
 

 ℱ = �

0
�𝛽𝛽1𝐼𝐼𝑝𝑝 + 𝛽𝛽2𝐵𝐵�𝑆𝑆𝑗𝑗 + �𝛽𝛽3𝐼𝐼𝑝𝑝 + 𝛽𝛽4𝐵𝐵�𝑆𝑆𝑎𝑎

0
𝛽𝛽5𝑆𝑆ℎ𝐼𝐼𝑝𝑝

�,  

 
and 
 

 =

⎝

⎛

−𝑘𝑘𝐼𝐼𝑝𝑝 + 𝛿𝛿𝐵𝐵 + 𝑣𝑣1𝐵𝐵
𝑟𝑟𝑝𝑝𝐼𝐼𝑝𝑝 + 𝜇𝜇𝑝𝑝𝐼𝐼𝑝𝑝 + 𝑞𝑞𝐼𝐼𝑝𝑝
𝑞𝑞𝐼𝐼𝑝𝑝 + 𝜀𝜀𝑄𝑄 + 𝜇𝜇𝑝𝑝𝑄𝑄
𝑟𝑟ℎ𝐼𝐼ℎ + 𝜇𝜇ℎ𝐼𝐼ℎ ⎠

⎞.  

 
The Jacobian matrix of ℱ and  at 𝐸𝐸0 are  
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𝐹𝐹 = �

0 0 0 0
𝛽𝛽2𝑆𝑆𝑗𝑗0 + 𝛽𝛽4𝑆𝑆𝑎𝑎0 𝛽𝛽1𝑆𝑆𝑗𝑗0 + 𝛽𝛽3𝑆𝑆𝑎𝑎0 0 0

0 𝛽𝛽5𝑆𝑆ℎ0 0 0
0 0 0 0

�, 

 
and 
 

𝑉𝑉 =

⎝

⎛

−𝛿𝛿 − 𝑣𝑣1 𝑘𝑘 0 0
0 𝑟𝑟𝑝𝑝 + 𝜇𝜇𝑝𝑝 + 𝑞𝑞 0 0
0 −𝑞𝑞 𝜀𝜀 + 𝜇𝜇𝑝𝑝 0
0 0 0 𝑟𝑟ℎ + 𝜇𝜇ℎ⎠

⎞, 

 
respectively. 
Finding the spectral radius [18] of 𝐹𝐹𝑉𝑉−1, we obtain the basic reproduction number as 
 

 𝑅𝑅0 =
𝐴𝐴𝑝𝑝�𝜇𝜇𝑝𝑝(𝑘𝑘𝛽𝛽2 + (𝛿𝛿 + 𝑣𝑣1)𝛽𝛽1) + 𝑚𝑚(𝑘𝑘𝛽𝛽4 + (𝛿𝛿 + 𝑣𝑣1)𝛽𝛽3)�

𝜇𝜇𝑝𝑝�𝑚𝑚 + 𝜇𝜇𝑝𝑝�(𝛿𝛿 + 𝑣𝑣1)�𝑟𝑟𝑝𝑝 + 𝜇𝜇𝑝𝑝 + 𝑞𝑞�
. (3) 

 
If 𝑅𝑅0 < 1, the disease will die out (𝐸𝐸0 is stable). If 𝑅𝑅0 > 1, the outbreak will persist. 
 Next, we consider the endemic equilibrium (𝐸𝐸1), and after some calculations, we obtain 
 

 𝐸𝐸1 = �𝐵𝐵∗, 𝑆𝑆𝑗𝑗∗, 𝑆𝑆𝑎𝑎∗, 𝐼𝐼𝑝𝑝∗ ,𝑄𝑄∗,𝑅𝑅𝑝𝑝∗ ,𝑆𝑆ℎ∗, 𝐼𝐼ℎ∗ ,𝑅𝑅ℎ∗� (4) 
 
where 
 

 
𝐵𝐵∗ =

𝑘𝑘𝐼𝐼𝑝𝑝∗

𝛿𝛿 + 𝑣𝑣1
, 𝑆𝑆𝑗𝑗∗ =

𝐴𝐴𝑝𝑝(𝛿𝛿 + 𝑣𝑣1)
(𝛿𝛿𝛽𝛽1 + 𝑘𝑘𝛽𝛽2 + 𝛽𝛽1𝑣𝑣1)𝐼𝐼𝑝𝑝∗ + 𝛿𝛿𝑚𝑚 + 𝛿𝛿𝜇𝜇𝑝𝑝 + 𝑚𝑚𝑣𝑣1 + 𝜇𝜇𝑝𝑝𝑣𝑣1

, 

𝑆𝑆𝑎𝑎∗ =
𝑚𝑚𝐴𝐴𝑝𝑝(𝛿𝛿 + 𝑣𝑣1)2

�
(𝛿𝛿𝛽𝛽1 + 𝑘𝑘𝛽𝛽2 + 𝛽𝛽1𝑣𝑣1)𝐼𝐼𝑝𝑝∗

+𝛿𝛿𝑚𝑚 + 𝛿𝛿𝜇𝜇𝑝𝑝 + 𝑚𝑚𝑣𝑣1 + 𝜇𝜇𝑝𝑝𝑣𝑣1
� �

(𝛿𝛿𝛽𝛽3 + 𝑘𝑘𝛽𝛽4 + 𝛽𝛽3𝑣𝑣1)𝐼𝐼𝑝𝑝∗
+𝛿𝛿𝜇𝜇𝑝𝑝 + 𝜇𝜇𝑝𝑝𝑣𝑣1

�
, 

𝑄𝑄∗ =
𝑞𝑞𝐼𝐼𝑝𝑝∗

𝜀𝜀 + 𝜇𝜇𝑝𝑝
,𝑅𝑅𝑝𝑝∗ =

�𝜀𝜀𝑞𝑞 + 𝜀𝜀𝑟𝑟𝑝𝑝 + 𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝�𝐼𝐼𝑝𝑝∗

𝜇𝜇𝑝𝑝�𝜀𝜀 + 𝜇𝜇𝑝𝑝�
, 𝑆𝑆ℎ∗ =

𝐴𝐴ℎ
𝛽𝛽5𝐼𝐼𝑝𝑝∗ + 𝜇𝜇ℎ + 𝑣𝑣2

, 

𝐼𝐼ℎ∗ =
𝐴𝐴ℎ𝛽𝛽5𝐼𝐼𝑝𝑝∗

�𝛽𝛽5𝐼𝐼𝑝𝑝∗ + 𝜇𝜇ℎ + 𝑣𝑣2�(𝜇𝜇ℎ + 𝑟𝑟ℎ)
,𝑅𝑅ℎ∗ =

𝐴𝐴ℎ�𝛽𝛽5𝑟𝑟ℎ𝐼𝐼𝑝𝑝∗ + 𝜇𝜇ℎ𝑣𝑣2 + 𝑟𝑟ℎ𝑣𝑣2�
𝜇𝜇ℎ�𝛽𝛽5𝐼𝐼𝑝𝑝∗ + 𝜇𝜇ℎ + 𝑣𝑣2�(𝜇𝜇ℎ + 𝑟𝑟ℎ)

, 

 
 
 
 
 

(5) 
 
 

 
 
 
 

 
and 𝐼𝐼𝑝𝑝∗ can be investigated from the following in equation: 
 

 𝐼𝐼𝑝𝑝∗ =
−𝑏𝑏 ± √𝑏𝑏2 − 4𝑎𝑎𝑎𝑎

2𝑎𝑎
 

(6) 
 
 

 
Where 
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𝑎𝑎 = 𝛿𝛿2𝑞𝑞𝛽𝛽1𝛽𝛽3 + 𝛿𝛿2𝛽𝛽1𝛽𝛽3𝜇𝜇𝑝𝑝 + 𝛿𝛿2𝛽𝛽1𝛽𝛽32𝑟𝑟𝑝𝑝 + 𝛿𝛿𝑘𝑘𝑞𝑞𝛽𝛽1𝛽𝛽4 + 𝛿𝛿𝑘𝑘𝑞𝑞𝛽𝛽2𝛽𝛽3 + 𝛿𝛿𝑘𝑘𝛽𝛽1𝛽𝛽4𝜇𝜇𝑝𝑝 
    +𝛿𝛿𝑘𝑘𝛽𝛽1𝛽𝛽4𝑟𝑟𝑝𝑝 + 𝛿𝛿𝑘𝑘𝛽𝛽2𝛽𝛽3𝜇𝜇𝑝𝑝 + 𝛿𝛿𝑘𝑘𝛽𝛽2𝛽𝛽3𝑟𝑟𝑝𝑝 + 2𝛿𝛿𝑞𝑞𝛽𝛽1𝛽𝛽3𝑣𝑣1 + 2𝛿𝛿𝛽𝛽1𝛽𝛽3𝜇𝜇𝑝𝑝𝑣𝑣1 + 2𝛿𝛿𝛽𝛽1𝛽𝛽3𝑟𝑟𝑝𝑝𝑣𝑣1 
    +𝑘𝑘2𝑞𝑞𝛽𝛽2𝛽𝛽4 + 𝑘𝑘2𝛽𝛽2𝛽𝛽4𝜇𝜇𝑝𝑝 + 𝑘𝑘2𝛽𝛽2𝛽𝛽4𝑟𝑟𝑝𝑝 + 𝑘𝑘𝑞𝑞𝛽𝛽1𝛽𝛽4𝑣𝑣1 + 𝑘𝑘𝑞𝑞𝛽𝛽2𝛽𝛽3𝑣𝑣1 + 𝑘𝑘𝛽𝛽1𝛽𝛽4𝜇𝜇𝑝𝑝𝑣𝑣1 
    +𝑘𝑘𝛽𝛽1𝛽𝛽4𝑟𝑟𝑝𝑝𝑣𝑣1 + 𝑘𝑘𝛽𝛽2𝛽𝛽3𝜇𝜇𝑝𝑝𝑣𝑣1 + 𝑘𝑘𝛽𝛽2𝛽𝛽3𝑟𝑟𝑝𝑝𝑣𝑣1 + 𝑞𝑞𝛽𝛽1𝛽𝛽3𝑣𝑣12 + 𝛽𝛽1𝛽𝛽3𝜇𝜇𝑝𝑝𝑣𝑣12 + 𝛽𝛽1𝛽𝛽3𝑟𝑟𝑝𝑝𝑣𝑣12 , 
𝑏𝑏 = 𝛿𝛿2𝑚𝑚𝑞𝑞𝛽𝛽3 + 𝛿𝛿2𝑚𝑚𝛽𝛽3𝜇𝜇𝑝𝑝 + 𝛿𝛿2𝑚𝑚𝛽𝛽3𝑟𝑟𝑝𝑝 + 𝛿𝛿2𝑞𝑞𝛽𝛽1𝜇𝜇𝑝𝑝 + 𝛿𝛿2𝑞𝑞𝛽𝛽3𝜇𝜇𝑝𝑝 − 𝛿𝛿2𝐴𝐴𝑝𝑝𝛽𝛽1𝛽𝛽3 + 𝛿𝛿2𝛽𝛽1𝜇𝜇𝑝𝑝2 
    +𝛿𝛿2𝛽𝛽1𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝 + 𝛿𝛿2𝛽𝛽3𝜇𝜇𝑝𝑝2 + 𝛿𝛿2𝛽𝛽3𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝 + 𝛿𝛿𝑘𝑘𝑚𝑚𝑞𝑞𝛽𝛽4 + 𝛿𝛿𝑘𝑘𝑚𝑚𝛽𝛽4𝜇𝜇𝑝𝑝 + 𝛿𝛿𝑘𝑘𝑚𝑚𝛽𝛽4𝑟𝑟𝑝𝑝 + 𝛿𝛿𝑘𝑘𝑞𝑞𝛽𝛽2𝜇𝜇𝑝𝑝 
    +𝛿𝛿𝑘𝑘𝑞𝑞𝛽𝛽4𝜇𝜇𝑝𝑝 − 𝛿𝛿𝑘𝑘𝐴𝐴𝑝𝑝𝛽𝛽1𝛽𝛽4 − 𝛿𝛿𝑘𝑘𝐴𝐴𝑝𝑝𝛽𝛽2𝛽𝛽3 + 𝛿𝛿𝑘𝑘𝛽𝛽2𝜇𝜇𝑝𝑝2 + 𝛿𝛿𝑘𝑘𝛽𝛽2𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝 + 𝛿𝛿𝑘𝑘𝛽𝛽4𝜇𝜇𝑝𝑝2 + 𝛿𝛿𝑘𝑘𝛽𝛽4𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝 
    +2𝛿𝛿𝑚𝑚𝑞𝑞𝛽𝛽3𝑣𝑣1 + 2𝛿𝛿𝑚𝑚𝛽𝛽3𝜇𝜇𝑝𝑝𝑣𝑣1 + 2𝛿𝛿𝑚𝑚𝛽𝛽3𝑟𝑟𝑝𝑝𝑣𝑣1 + 2𝛿𝛿𝑞𝑞𝛽𝛽1𝜇𝜇𝑝𝑝𝑣𝑣1 + 2𝛿𝛿𝑞𝑞𝛽𝛽3𝜇𝜇𝑝𝑝𝑣𝑣1 − 2𝛿𝛿𝐴𝐴𝑝𝑝𝛽𝛽1𝛽𝛽3𝑣𝑣1 
    +2𝛿𝛿𝛽𝛽1𝜇𝜇𝑝𝑝2𝑣𝑣1 + 2𝛿𝛿𝛽𝛽1𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝𝑣𝑣1 + 2𝛿𝛿𝛽𝛽3𝜇𝜇𝑝𝑝2𝑣𝑣1 + 2𝛿𝛿𝛽𝛽3𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝𝑣𝑣1 − 𝑘𝑘2𝐴𝐴𝑝𝑝𝛽𝛽2𝛽𝛽4 + 𝑘𝑘𝑚𝑚𝑞𝑞𝛽𝛽4𝑣𝑣1 
    +𝑘𝑘𝑚𝑚𝛽𝛽4𝜇𝜇𝑝𝑝𝑣𝑣1 + 𝑘𝑘𝑚𝑚𝛽𝛽4𝑟𝑟𝑝𝑝𝑣𝑣1 + 𝑘𝑘𝑞𝑞𝛽𝛽2𝜇𝜇𝑝𝑝𝑣𝑣1 + 𝑘𝑘𝑞𝑞𝛽𝛽4𝜇𝜇𝑝𝑝𝑣𝑣1 − 𝑘𝑘𝐴𝐴𝑝𝑝𝛽𝛽1𝛽𝛽4𝑣𝑣1 − 𝑘𝑘𝐴𝐴𝑝𝑝𝛽𝛽2𝛽𝛽3𝑣𝑣1 
    +𝑘𝑘𝛽𝛽2𝜇𝜇𝑝𝑝2𝑣𝑣1 + 𝑘𝑘𝛽𝛽2𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝𝑣𝑣1 + 𝑘𝑘𝛽𝛽4𝜇𝜇𝑝𝑝2𝑣𝑣1 + 𝑘𝑘𝛽𝛽4𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝𝑣𝑣1 + 𝑚𝑚𝑞𝑞𝛽𝛽3𝑣𝑣12 + 𝑚𝑚𝛽𝛽3𝜇𝜇𝑝𝑝𝑣𝑣22 + 𝑚𝑚𝛽𝛽3𝑟𝑟𝑝𝑝𝑣𝑣12 
    +𝑞𝑞𝛽𝛽1𝜇𝜇𝑝𝑝𝑣𝑣12 + 𝑞𝑞𝛽𝛽3𝜇𝜇𝑝𝑝𝑣𝑣12 − 𝐴𝐴𝑝𝑝𝛽𝛽1𝛽𝛽3𝑣𝑣12 + 𝛽𝛽1𝜇𝜇𝑝𝑝2𝑣𝑣12 + 𝛽𝛽1𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝𝑣𝑣12 + 𝛽𝛽3𝜇𝜇𝑝𝑝2𝑣𝑣12 + 𝛽𝛽3𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝𝑣𝑣12 , 
 𝑎𝑎 = 𝛿𝛿2𝑚𝑚𝑞𝑞𝜇𝜇𝑝𝑝 − 𝛿𝛿2𝑚𝑚𝐴𝐴𝑝𝑝𝛽𝛽3 + 𝛿𝛿2𝑚𝑚𝜇𝜇𝑝𝑝2 + 𝛿𝛿2𝑚𝑚𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝 + 𝛿𝛿2𝑞𝑞𝜇𝜇𝑝𝑝2 − 𝛿𝛿2𝐴𝐴𝑝𝑝𝛽𝛽1𝜇𝜇𝑝𝑝 + 𝛿𝛿2𝜇𝜇𝑝𝑝3 
    +𝛿𝛿2𝜇𝜇𝑝𝑝2𝑟𝑟𝑝𝑝 − 𝛿𝛿𝑘𝑘𝑚𝑚𝐴𝐴𝑝𝑝𝛽𝛽4 − 𝛿𝛿𝑘𝑘𝐴𝐴𝑝𝑝𝛽𝛽2𝜇𝜇𝑝𝑝 + 2𝛿𝛿𝑚𝑚𝑞𝑞𝜇𝜇𝑝𝑝𝑣𝑣1 − 2𝛿𝛿𝑚𝑚𝐴𝐴𝑝𝑝𝛽𝛽3𝑣𝑣1 + 2𝛿𝛿𝑚𝑚𝜇𝜇𝑝𝑝2𝑣𝑣1 
    +2𝛿𝛿𝑚𝑚𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝𝑣𝑣1 + 2𝛿𝛿𝑞𝑞𝜇𝜇𝑝𝑝2𝑣𝑣1 − 2𝛿𝛿 𝐴𝐴𝑝𝑝𝛽𝛽1𝜇𝜇𝑝𝑝𝑣𝑣1 + 2𝛿𝛿𝜇𝜇𝑝𝑝3𝑣𝑣1 + 2𝛿𝛿𝜇𝜇𝑝𝑝2𝑟𝑟𝑝𝑝𝑣𝑣1 − 𝑘𝑘𝑚𝑚𝐴𝐴𝑝𝑝𝛽𝛽4𝑣𝑣1 
    −𝑘𝑘𝐴𝐴𝑝𝑝𝛽𝛽2𝜇𝜇𝑝𝑝𝑣𝑣1 + 𝑚𝑚𝑞𝑞𝜇𝜇𝑝𝑝𝑣𝑣12 − 𝑚𝑚𝐴𝐴𝑝𝑝𝛽𝛽3𝑣𝑣12 + 𝑚𝑚𝜇𝜇𝑝𝑝2𝑣𝑣12 + 𝑚𝑚𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝𝑣𝑣12 + 𝑞𝑞𝜇𝜇𝑝𝑝2𝑣𝑣12 − 𝐴𝐴𝑝𝑝𝛽𝛽1𝜇𝜇𝑝𝑝𝑣𝑣12 
    +𝜇𝜇𝑝𝑝3𝑣𝑣12 + 𝜇𝜇𝑝𝑝2𝑟𝑟𝑝𝑝𝑣𝑣12 . 

 

 
Since 𝑎𝑎 > 0, the following conditions are provided for the existence of  𝐼𝐼𝑃𝑃.  
 
Proposition 1 Suppose that 𝑏𝑏 and  𝑎𝑎 are the parameters defined above,  

(i)   if  𝑎𝑎 < 0 , then the model (1) has only one endemic equilibrium such that 𝐼𝐼𝑃𝑃 =
−𝑏𝑏+�𝑏𝑏2−4𝑎𝑎𝑎𝑎

2𝑎𝑎
, 

(ii) if  𝑏𝑏 < 0 and  𝑎𝑎 > 0, then the model (1) has two endemic equilibrium such that 𝐼𝐼𝑃𝑃 =
−𝑏𝑏±�𝑏𝑏2−4𝑎𝑎𝑎𝑎

2𝑎𝑎
. 

Otherwise, 𝐼𝐼𝑃𝑃 has no positive real root. 
 
To analyze the stability of 𝐸𝐸1, we find the Jacobian matrix of (1) at 𝐸𝐸1 as given by 
 

 𝐽𝐽 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑎𝑎11 0 0 𝑎𝑎14 0 0 0
𝑎𝑎21 𝑎𝑎22 0 𝑎𝑎24 0 0 0
𝑎𝑎31 𝑎𝑎32 𝑎𝑎33 𝑎𝑎34 0 0 0
𝑎𝑎41 𝑎𝑎42 𝑎𝑎43 𝑎𝑎44 0 0 0
0 0 0 𝑎𝑎54 𝑎𝑎55 0 0
0 0 0 𝑎𝑎64 0 𝑎𝑎66 0
0 0 0 𝑎𝑎74 0 𝑎𝑎76 𝑎𝑎77⎦

⎥
⎥
⎥
⎥
⎥
⎤

  

 
where 
 
𝑎𝑎11 =  −(𝛿𝛿 + 𝑣𝑣1), 𝑎𝑎14  =  𝑘𝑘, 𝑎𝑎21 =  −𝛽𝛽2𝑆𝑆𝑗𝑗∗, 𝑎𝑎22  =  −�𝛽𝛽1𝐼𝐼𝑝𝑝∗ + 𝛽𝛽2𝐵𝐵∗ + 𝑚𝑚 + 𝜇𝜇𝑝𝑝�, 
𝑎𝑎24 = −𝛽𝛽1𝑆𝑆𝑗𝑗∗, 𝑎𝑎31  =  −𝛽𝛽4𝑆𝑆𝑎𝑎∗, 𝑎𝑎32  =  𝑚𝑚, 𝑎𝑎33  =  −�𝛽𝛽3𝐼𝐼𝑝𝑝∗ + 𝛽𝛽4𝐵𝐵∗ + 𝜇𝜇𝑝𝑝�, 
𝑎𝑎34  =  −𝛽𝛽3𝑆𝑆𝑎𝑎∗, 𝑎𝑎41  = 𝛽𝛽2𝑆𝑆𝑗𝑗∗ + 𝛽𝛽4𝑆𝑆𝑎𝑎∗, 𝑎𝑎42 = 𝛽𝛽1𝐼𝐼𝑝𝑝∗ + 𝛽𝛽2𝐵𝐵∗, 𝑎𝑎43  = 𝛽𝛽3𝐼𝐼𝑝𝑝∗ + 𝛽𝛽4𝐵𝐵∗, 
𝑎𝑎44 = 𝛽𝛽1𝑆𝑆𝑗𝑗∗ + 𝛽𝛽3𝑆𝑆𝑎𝑎∗ − �𝑟𝑟𝑝𝑝 + 𝜇𝜇𝑝𝑝 + 𝑞𝑞�,𝑎𝑎54  =  𝑞𝑞, 𝑎𝑎55 = −�𝜀𝜀 + 𝜇𝜇𝑝𝑝�, 𝑎𝑎64 =  −𝛽𝛽5𝑆𝑆ℎ∗ ,  
𝑎𝑎66  =  −�𝛽𝛽5𝐼𝐼𝑝𝑝∗ + 𝜇𝜇ℎ + 𝑣𝑣2�, 𝑎𝑎74  = 𝛽𝛽5𝑆𝑆ℎ∗, 𝑎𝑎76  = 𝛽𝛽5𝐼𝐼𝑝𝑝∗ , 𝑎𝑎77  =  −(𝑟𝑟ℎ + 𝜇𝜇ℎ). 
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Finding roots of the characteristic equation |𝐽𝐽 − 𝜆𝜆𝐼𝐼| = 0 , we obtain negative eigenvalues  
λ1 = −(μh + rh), λ2 = −�ε + μp�, 𝜆𝜆3 = −�𝐼𝐼𝑝𝑝∗𝛽𝛽5 + 𝜇𝜇ℎ + 𝑣𝑣2 �, and the others are determined from 
the quartic equation  
 

𝜆𝜆4 + 𝑎𝑎1𝜆𝜆3 + 𝑎𝑎2𝜆𝜆2 + 𝑎𝑎3𝜆𝜆 + 𝑎𝑎4 = 0 
 
where 
 
𝑎𝑎1 =  (𝛽𝛽2 + 𝛽𝛽4)𝐵𝐵∗ − 𝛽𝛽1𝑆𝑆𝑗𝑗∗ − 𝛽𝛽3𝑆𝑆𝑎𝑎∗ + (𝛽𝛽1 + 𝛽𝛽3)𝐼𝐼𝑝𝑝∗ + 𝛿𝛿 + 𝑚𝑚 + 𝑞𝑞 + 3𝜇𝜇𝑝𝑝 + 𝑟𝑟𝑝𝑝 + 𝑣𝑣1, 
𝑎𝑎2 = 𝛽𝛽2𝛽𝛽4𝐵𝐵∗2 + 𝛽𝛽1𝛽𝛽3𝐼𝐼𝑝𝑝∗2 + (𝛽𝛽1𝛽𝛽4 + 𝛽𝛽2𝛽𝛽3)𝐵𝐵∗𝐼𝐼𝑝𝑝∗ − 𝛽𝛽1𝛽𝛽4𝐵𝐵∗𝑆𝑆𝑗𝑗∗  − 𝛽𝛽2𝛽𝛽3𝐵𝐵∗𝑆𝑆𝑎𝑎∗ − 𝛽𝛽1𝛽𝛽3𝐼𝐼𝑝𝑝∗𝑆𝑆𝑗𝑗∗ − 𝛽𝛽1𝛽𝛽3𝐼𝐼𝑝𝑝∗𝑆𝑆𝑎𝑎∗ 
      +�𝛿𝛿𝛽𝛽2 + 𝛿𝛿𝛽𝛽4 + 𝑚𝑚𝛽𝛽4 + 𝑞𝑞𝛽𝛽2 + 𝑞𝑞𝛽𝛽4 + 2𝛽𝛽2𝜇𝜇𝑝𝑝 + 𝛽𝛽2𝑟𝑟𝑝𝑝 + 𝛽𝛽2𝑣𝑣1 + 2𝛽𝛽4𝜇𝜇𝑝𝑝 + 𝛽𝛽4𝑟𝑟𝑝𝑝 + 𝛽𝛽4𝑣𝑣1�𝐵𝐵∗ 
      −�𝛿𝛿𝛽𝛽1 + 𝑘𝑘𝛽𝛽2 + 𝑚𝑚𝛽𝛽1 + 2𝛽𝛽1𝜇𝜇𝑝𝑝 + 𝛽𝛽1𝑣𝑣1�𝑆𝑆𝑗𝑗∗ − �𝛿𝛿𝛽𝛽3 + 𝑘𝑘𝛽𝛽4 + 𝑚𝑚𝛽𝛽3 + 2𝛽𝛽3𝜇𝜇𝑝𝑝 + 𝛽𝛽3𝑣𝑣1�𝑆𝑆𝑎𝑎∗ 
      +�𝛿𝛿𝛽𝛽1 + 𝛿𝛿𝛽𝛽3 + 𝑚𝑚𝛽𝛽3 + 𝑞𝑞𝛽𝛽1 + 𝑞𝑞𝛽𝛽3 + 2𝛽𝛽1𝜇𝜇𝑝𝑝 + 𝛽𝛽2𝑟𝑟𝑝𝑝 + 𝛽𝛽1𝑣𝑣1 + 2𝛽𝛽3𝜇𝜇𝑝𝑝 + 𝛽𝛽3𝑟𝑟𝑝𝑝 + 𝛽𝛽3𝑣𝑣1�𝐼𝐼𝑝𝑝∗  
      +𝛿𝛿𝑚𝑚 + 𝛿𝛿𝑞𝑞 + 3𝛿𝛿𝜇𝜇𝑝𝑝 + 𝛿𝛿𝑟𝑟𝑝𝑝 + 𝑚𝑚𝑞𝑞 + 2𝑚𝑚𝜇𝜇𝑝𝑝 + 𝑚𝑚𝑟𝑟𝑝𝑝 + 𝑚𝑚𝑣𝑣1 + 2𝑞𝑞𝜇𝜇𝑝𝑝𝑞𝑞𝑣𝑣1 + 3𝜇𝜇𝑝𝑝2 + 2𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝  
      +3𝜇𝜇𝑝𝑝𝑣𝑣1 + 𝑟𝑟𝑝𝑝𝑣𝑣1, 
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      +𝑚𝑚𝜇𝜇𝑝𝑝2𝑣𝑣1 + 𝑚𝑚𝜇𝜇𝑝𝑝𝑟𝑟𝑝𝑝𝑣𝑣1 + 𝑞𝑞𝜇𝜇𝑝𝑝2𝑣𝑣1  + 𝜇𝜇𝑝𝑝3𝑣𝑣1 + 𝜇𝜇𝑝𝑝2𝑟𝑟𝑝𝑝𝑣𝑣1. 

From the Routh-Hurwitz criteria, the endemic equilibrium is locally stable when 
𝑎𝑎1, 𝑎𝑎2, 𝑎𝑎3, 𝑎𝑎4 > 0, 𝑎𝑎1𝑎𝑎2 > 𝑎𝑎3 and 𝑎𝑎3(𝑎𝑎1𝑎𝑎2 − 𝑎𝑎3) > 𝑎𝑎12𝑎𝑎4. 
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2.3 Optimal control problem 
 
In this section, we consider the control strategies, i.e., the sterilization rate and educational campaign 
rate as a function of time by 𝑢𝑢1(𝑡𝑡) and 𝑢𝑢2(𝑡𝑡), respectively. Therefore, from (1), the S. suis model 
with two controls variable is in the form 
 

 

𝑑𝑑𝐵𝐵
𝑑𝑑𝑡𝑡

= 𝑘𝑘𝐼𝐼𝑝𝑝(𝑡𝑡) − 𝛿𝛿𝐵𝐵(𝑡𝑡) − 𝑢𝑢1(𝑡𝑡)𝐵𝐵(𝑡𝑡), 
𝑑𝑑𝑆𝑆𝑗𝑗
𝑑𝑑𝑡𝑡

= 𝐴𝐴𝑝𝑝 −𝑚𝑚𝑆𝑆𝑗𝑗(𝑡𝑡) − �𝛽𝛽1𝐼𝐼𝑝𝑝(𝑡𝑡) + 𝛽𝛽2𝐵𝐵(𝑡𝑡)� 𝑆𝑆𝑗𝑗(𝑡𝑡) − 𝜇𝜇𝑝𝑝𝑆𝑆𝑗𝑗(𝑡𝑡), 
𝑑𝑑𝑆𝑆𝑎𝑎
𝑑𝑑𝑡𝑡

= 𝑚𝑚𝑆𝑆𝑗𝑗(𝑡𝑡) − �𝛽𝛽3𝐼𝐼𝑝𝑝(𝑡𝑡) + 𝛽𝛽4𝐵𝐵(𝑡𝑡)� 𝑆𝑆𝑎𝑎(𝑡𝑡) − 𝜇𝜇𝑝𝑝𝑆𝑆𝑎𝑎(𝑡𝑡), 
𝑑𝑑𝐼𝐼𝑝𝑝
𝑑𝑑𝑡𝑡

= �𝛽𝛽1𝐼𝐼𝑝𝑝(𝑡𝑡) + 𝛽𝛽2𝐵𝐵(𝑡𝑡)� 𝑆𝑆𝑗𝑗(𝑡𝑡) +  �𝛽𝛽3𝐼𝐼𝑝𝑝(𝑡𝑡) + 𝛽𝛽4𝐵𝐵(𝑡𝑡)� 𝑆𝑆𝑎𝑎(𝑡𝑡) − �𝑟𝑟𝑝𝑝 + 𝜇𝜇𝑝𝑝 + 𝑞𝑞�𝐼𝐼𝑝𝑝(𝑡𝑡), 
𝑑𝑑𝑄𝑄
𝑑𝑑𝑡𝑡

= 𝑞𝑞𝐼𝐼𝑝𝑝(𝑡𝑡) − �𝜀𝜀 + 𝜇𝜇𝑝𝑝�𝑄𝑄(𝑡𝑡), 
𝑑𝑑𝑅𝑅𝑝𝑝
𝑑𝑑𝑡𝑡

= 𝑟𝑟𝑝𝑝𝐼𝐼𝑝𝑝(𝑡𝑡) + 𝜀𝜀𝑄𝑄(𝑡𝑡) − 𝜇𝜇𝑝𝑝𝑅𝑅𝑝𝑝(𝑡𝑡), 
𝑑𝑑𝑆𝑆ℎ
𝑑𝑑𝑡𝑡

= 𝐴𝐴ℎ − 𝛽𝛽5𝑆𝑆ℎ(𝑡𝑡)𝐼𝐼𝑝𝑝(𝑡𝑡) − 𝜇𝜇ℎ𝑆𝑆ℎ(𝑡𝑡) − 𝑢𝑢2(𝑡𝑡)𝑆𝑆ℎ(𝑡𝑡), 
𝑑𝑑𝐼𝐼ℎ
𝑑𝑑𝑡𝑡

= 𝛽𝛽5𝑆𝑆ℎ(𝑡𝑡)𝐼𝐼𝑝𝑝(𝑡𝑡) − (𝑟𝑟ℎ + 𝜇𝜇ℎ)𝐼𝐼ℎ(𝑡𝑡), 
𝑑𝑑𝑅𝑅ℎ
𝑑𝑑𝑡𝑡

= 𝑟𝑟ℎ𝐼𝐼ℎ(𝑡𝑡) − 𝜇𝜇ℎ𝑅𝑅ℎ(𝑡𝑡) + 𝑢𝑢2(𝑡𝑡)𝑆𝑆ℎ(𝑡𝑡). 

(7) 

 
We call (7) as the optimal control problem. 
 
Next, we construct the objective functional which is an integral that combines the state variables 
and control variables [19] as given by 
 
 

 𝐽𝐽(𝑢𝑢1,𝑢𝑢2) = � �𝐴𝐴1𝐵𝐵 + 𝐴𝐴2𝐼𝐼𝑝𝑝 + 𝐴𝐴3𝐼𝐼ℎ +
1
2

(𝐵𝐵1𝑢𝑢12 + 𝐵𝐵2𝑢𝑢22)�𝑑𝑑𝑡𝑡
𝑡𝑡𝑓𝑓

0
 (8) 

 
subjected to the model (7) with a non-negative initial condition where 𝐴𝐴𝑖𝑖 and 𝐵𝐵𝑗𝑗  for 𝑖𝑖 =  1, 2, 3, 𝑗𝑗 =
1, 2 are positive weight constants. Our goal is to seek (𝑢𝑢1∗,𝑢𝑢2∗) such that function (8) is minimized,  
 

 𝐽𝐽(𝑢𝑢1∗,𝑢𝑢2∗) = min{ 𝐽𝐽(𝑢𝑢1,𝑢𝑢2) ∣ (𝑢𝑢1,𝑢𝑢2) ∈ 𝑈𝑈} (9) 
 
where 𝑈𝑈 is the control set defined by 𝑈𝑈 = � (𝑢𝑢1,𝑢𝑢2) ∣∣ 0 ≤ 𝑢𝑢1,𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ �0, 𝑡𝑡𝑓𝑓� �. 
To find the necessary condition of the optimal control problem, we define Hamiltonian 𝐻𝐻 [20] as 
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𝐻𝐻 = �𝐴𝐴1𝐵𝐵 + 𝐴𝐴2𝐼𝐼𝑝𝑝 + 𝐴𝐴3𝐼𝐼ℎ +
1
2

(𝐵𝐵1𝑢𝑢12 + 𝐵𝐵2𝑢𝑢22)� 

    +𝜆𝜆𝐵𝐵�𝑘𝑘𝐼𝐼𝑝𝑝 − 𝛿𝛿𝐵𝐵 − 𝑢𝑢1𝐵𝐵� + 𝜆𝜆𝑆𝑆𝑗𝑗�𝐴𝐴𝑝𝑝 − 𝑚𝑚𝑆𝑆𝑗𝑗 − �𝛽𝛽1𝐼𝐼𝑝𝑝 + 𝛽𝛽2𝐵𝐵�𝑆𝑆𝑗𝑗 − 𝜇𝜇𝑝𝑝𝑆𝑆𝑗𝑗� 
    +𝜆𝜆𝑆𝑆𝑎𝑎�𝑚𝑚𝑆𝑆𝑗𝑗 − �𝛽𝛽3𝐼𝐼𝑝𝑝 + 𝛽𝛽4𝐵𝐵�𝑆𝑆𝑎𝑎 − 𝜇𝜇𝑝𝑝𝑆𝑆𝑎𝑎� 
    +𝜆𝜆𝐼𝐼𝑝𝑝� �𝛽𝛽1𝐼𝐼𝑝𝑝 + 𝛽𝛽2𝐵𝐵�𝑆𝑆𝑗𝑗 + �𝛽𝛽3𝐼𝐼𝑝𝑝 + 𝛽𝛽4𝐵𝐵�𝑆𝑆𝑎𝑎 − �𝑟𝑟𝑝𝑝 + 𝜇𝜇𝑝𝑝 + 𝑞𝑞�𝐼𝐼𝑝𝑝� 
    +𝜆𝜆𝑄𝑄�𝑞𝑞𝐼𝐼𝑝𝑝 − �𝜀𝜀 + 𝜇𝜇𝑝𝑝�𝑄𝑄� + 𝜆𝜆𝑅𝑅𝑝𝑝�𝑟𝑟𝑝𝑝𝐼𝐼𝑝𝑝 + 𝜀𝜀𝑄𝑄 − 𝜇𝜇𝑝𝑝𝑅𝑅𝑝𝑝� 
    +𝜆𝜆𝑆𝑆ℎ�𝐴𝐴ℎ − 𝛽𝛽5𝑆𝑆ℎ𝐼𝐼𝑝𝑝 − 𝜇𝜇ℎ𝑆𝑆ℎ − 𝑢𝑢2𝑆𝑆ℎ� 
    +𝜆𝜆𝐼𝐼ℎ�𝛽𝛽5𝑆𝑆ℎ𝐼𝐼𝑝𝑝 − (𝑟𝑟ℎ + 𝜇𝜇ℎ)𝐼𝐼ℎ� + 𝜆𝜆𝑅𝑅ℎ(𝑟𝑟ℎ𝐼𝐼ℎ − 𝜇𝜇ℎ𝑅𝑅ℎ + 𝑢𝑢2𝑆𝑆ℎ) 

 
 
 

(10) 
 
 
 
 
 

 
where 𝜆𝜆𝐵𝐵 , 𝜆𝜆𝑆𝑆𝑗𝑗 , 𝜆𝜆𝑆𝑆𝑎𝑎 , 𝜆𝜆𝐼𝐼𝑝𝑝, 𝜆𝜆𝑄𝑄 , 𝜆𝜆𝑅𝑅𝑝𝑝 , 𝜆𝜆𝑆𝑆ℎ , 𝜆𝜆𝐼𝐼ℎ and 𝜆𝜆𝑅𝑅ℎ  are adjoint variables. 
 Using Pontryagin’s maximum principle [21], we find optimality condition from 
𝜕𝜕𝜕𝜕
𝜕𝜕𝑢𝑢𝑖𝑖

= 0, 𝑖𝑖 = 1,2 as given by 
 

 

𝜕𝜕𝐻𝐻
𝜕𝜕𝑢𝑢1

= 𝐵𝐵1𝑢𝑢1 − 𝜆𝜆𝐵𝐵𝐵𝐵, 

𝜕𝜕𝐻𝐻
𝜕𝜕𝑢𝑢2

= 𝐵𝐵2𝑢𝑢2 − �𝜆𝜆𝑆𝑆ℎ − 𝜆𝜆𝑅𝑅ℎ�𝑆𝑆ℎ . 
(11) 

 
Hence, we obtain the optimal control characterization 
 

 
𝑢𝑢1∗(𝑡𝑡) = min �max �0,

𝜆𝜆𝐵𝐵𝐵𝐵
𝐵𝐵1

� , 1� , 

𝑢𝑢2∗(𝑡𝑡) = min �𝑚𝑚𝑎𝑎𝑚𝑚 �0,
�𝜆𝜆𝑆𝑆ℎ − 𝜆𝜆𝑅𝑅ℎ�

𝐵𝐵2
� , 1� .  

(12) 

 
Next, we find adjoint equations from 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡
= −𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
 as given by 

 

 

𝜆𝜆𝐵𝐵′ (𝑡𝑡)  = −𝐴𝐴1 + 𝜆𝜆𝐵𝐵(𝛿𝛿 + 𝑢𝑢1) + 𝜆𝜆𝑆𝑆𝑗𝑗𝛽𝛽2𝑆𝑆𝑗𝑗 + 𝜆𝜆𝑆𝑆𝑎𝑎𝛽𝛽4𝑆𝑆𝑎𝑎 − 𝜆𝜆𝐼𝐼𝑝𝑝�𝛽𝛽2𝑆𝑆𝑗𝑗 + 𝛽𝛽4𝑆𝑆𝑎𝑎�, 
𝜆𝜆𝑆𝑆𝑗𝑗
′ (𝑡𝑡) = 𝜆𝜆𝑆𝑆𝑗𝑗�𝑚𝑚 + 𝛽𝛽1𝐼𝐼𝑝𝑝 + 𝛽𝛽2𝐵𝐵 + 𝜇𝜇𝑝𝑝� − 𝜆𝜆𝑆𝑆𝑎𝑎𝑚𝑚 − 𝜆𝜆𝐼𝐼𝑝𝑝�𝛽𝛽1𝐼𝐼𝑝𝑝 + 𝛽𝛽2𝐵𝐵�, 
𝜆𝜆𝑆𝑆𝑎𝑎
′ (𝑡𝑡) = 𝜆𝜆𝑆𝑆𝑎𝑎�𝛽𝛽3𝐼𝐼𝑝𝑝 + 𝛽𝛽4𝐵𝐵 − 𝜇𝜇𝑝𝑝� − 𝜆𝜆𝐼𝐼𝑝𝑝�𝛽𝛽3𝐼𝐼𝑝𝑝 + 𝛽𝛽4𝐵𝐵�, 
𝜆𝜆𝐼𝐼𝑝𝑝
′ (𝑡𝑡) = −𝐴𝐴2 − 𝜆𝜆𝐵𝐵𝑘𝑘 + 𝜆𝜆𝑆𝑆𝑗𝑗𝛽𝛽1𝑆𝑆𝑗𝑗 + 𝜆𝜆𝑆𝑆𝑎𝑎𝛽𝛽3𝑆𝑆𝑎𝑎 + 𝜆𝜆𝐼𝐼𝑝𝑝�−𝛽𝛽1𝑆𝑆𝑗𝑗 − 𝛽𝛽3𝑆𝑆𝑎𝑎 + 𝑟𝑟𝑝𝑝 + 𝜇𝜇𝑝𝑝 + 𝑞𝑞� 

             −𝜆𝜆𝑄𝑄𝑞𝑞 − 𝜆𝜆𝑅𝑅𝑝𝑝𝑟𝑟𝑝𝑝 + 𝜆𝜆𝑆𝑆ℎ𝛽𝛽5𝑆𝑆ℎ − 𝜆𝜆𝐼𝐼ℎ𝛽𝛽5𝑆𝑆ℎ , 
𝜆𝜆𝑄𝑄′ (𝑡𝑡)  = 𝜆𝜆𝑄𝑄�𝜀𝜀 + 𝜇𝜇𝑝𝑝� − 𝜆𝜆𝑅𝑅𝑝𝑝𝜀𝜀, 

 
𝜆𝜆𝑅𝑅𝑝𝑝
′ (𝑡𝑡) = 𝜆𝜆𝑅𝑅𝑝𝑝𝜇𝜇𝑝𝑝, 
𝜆𝜆𝑆𝑆ℎ
′ (𝑡𝑡) = 𝜆𝜆𝑆𝑆ℎ�𝛽𝛽5𝐼𝐼𝑝𝑝 + 𝜇𝜇ℎ + 𝑢𝑢2� − 𝜆𝜆𝐼𝐼ℎ𝛽𝛽5𝐼𝐼𝑝𝑝 − 𝜆𝜆𝑅𝑅ℎ𝑢𝑢2, 
𝜆𝜆𝐼𝐼′ℎ(𝑡𝑡) = −𝐴𝐴3 + 𝜆𝜆𝐼𝐼ℎ(𝑟𝑟ℎ + 𝜇𝜇ℎ) − 𝜆𝜆𝑅𝑅ℎ𝑟𝑟ℎ , 
𝜆𝜆𝑅𝑅′ ℎ(𝑡𝑡) = 𝜆𝜆𝑅𝑅ℎ𝜇𝜇ℎ, 

(13) 

 
with the transversality condition (or boundary conditions) [22]: 
 

 𝜆𝜆𝑖𝑖�𝑡𝑡𝑓𝑓� = 0, 𝑖𝑖 = 𝐵𝐵, 𝑆𝑆𝑗𝑗 , 𝑆𝑆𝑎𝑎 , 𝐼𝐼𝑝𝑝,𝑄𝑄,𝑅𝑅𝑝𝑝, 𝑆𝑆ℎ, 𝐼𝐼ℎ ,𝑅𝑅ℎ. (14) 
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The optimal control problem (7) together with adjoint equation (13) and the optimal control 
characterization (12) can be solved numerically.  
 
 
3. Results and Discussion 
 
3.1 Numerical results for the case of constant control parameters 
 
Numerical solutions for the S. suis model (1) are presented where the values of parameters are given 
in Table 1, and the initial populations are given by 𝐵𝐵(0) = 0.0303, 𝑆𝑆𝑗𝑗(0) = 2000, 𝑆𝑆𝑎𝑎(0) =
2360, 𝐼𝐼𝑝𝑝(0) = 6,𝑄𝑄(0) = 0,𝑅𝑅𝑝𝑝(0) = 0, 𝑆𝑆ℎ(0) = 99999, 𝐼𝐼ℎ(0) = 1, and 𝑅𝑅ℎ(0) = 0. To show that 
the model dynamic possesses a stable disease-free equilibrium, we choose 𝑣𝑣1 = 𝑣𝑣2 = 1,  𝛽𝛽1 =
4.0556 × 10−6, and 𝛽𝛽4 = 9.7556 × 10−7, together with other parameter values in Table 1. This 
gives 𝐸𝐸0 = (0, 1453, 2913, 0, 0, 0, 4, 0, 99996)  and 𝑅𝑅0 = 0.6140 . The solution curves for 
infectious groups and contaminated environments are shown in Figure 2(a). Since the control level 
is supposed to be extreme, the outbreak does not occur. On the other hand, in the absence of control 
parameters, i.e., 𝑣𝑣1 = 𝑣𝑣2 = 0, it can be shown that the outbreak occurs in both populations by 
choosing 𝛽𝛽1 = 4.0556 × 10−5, and 𝛽𝛽4 = 9.7556 × 10−5. By substituting these parameter values 
into (6), we find 𝑎𝑎 = −4.06 × 10−12 and 𝑏𝑏 = −1.26 × 10−7. From Proposition 1, it can be asserted 
that the model has only one equilibrium in this case. The result is shown in Figure 2(b), where we 
computed 𝐸𝐸1 = (85, 415, 362, 1538, 233, 1818, 1405, 65, 98530) and 𝑅𝑅0 = 4.3686. By 
calculating the coefficients of the characteristic equation, we obtain 𝑎𝑎1 = 0.2088,  𝑎𝑎2 = 0.0136,
𝑎𝑎3 = 0.0003, 𝑎𝑎4 = 2.5750 × 10−6, 𝑎𝑎1𝑎𝑎2 − 𝑎𝑎3 = 0.0025, 𝑎𝑎3(𝑎𝑎1𝑎𝑎2 − 𝑎𝑎3) − 𝑎𝑎12𝑎𝑎4 = 6.6024 ×
10−7. Thus, the Routh-Hurwitz condition is satisfied. In this case, the model dynamic possesses a 
stable endemic equilibrium. 
 
Table 1. Parameter values 

Parameter Value Reference 
𝑘𝑘 5.5556×10−3 Estimated 
𝛿𝛿 0.1 [14] 
𝐴𝐴𝑝𝑝 36.3889 [14] 
𝐴𝐴ℎ 3.653 Estimated 
𝑚𝑚 0.0167 [14] 
𝛽𝛽2 2.4389×10−6 [14] 
𝛽𝛽3 1.6222×10−6 [14] 
𝛽𝛽5 1.6667×10−6 Estimated 
𝑞𝑞 2.7778×10−3 [14] 
𝑟𝑟𝑝𝑝 8.3333×10−3 [14] 
𝑟𝑟ℎ 0.0556 [1] 
𝜀𝜀 0.01 Estimated 
𝜇𝜇𝑝𝑝 8.3333×10−3 [14] 
𝜇𝜇ℎ 3.653×10−5 Estimated 
𝑁𝑁𝑝𝑝 4366 [14] 
𝑁𝑁ℎ 100000 Estimated 
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(a) (b) 

  

(c) (d) 
 

Figure 2. The solution curves ((a)-(b)) and contour plots ((c)-(d)) of the S. suis model (1) 
 

Figures 2(c) and (d) illustrate the effects of control parameters on the infectious swine and 
human populations at the endemic level. It is obvious that the endemic state of the swine population 
does not depend on 𝑣𝑣2, but monotonically decreases as 𝑣𝑣1 is increased. Unlike the endemic state of 
the human population, increasing of 𝑣𝑣1 results in the reduction of an endemic level greater than that 
of 𝑣𝑣2. 
 
3.2 Numerical results for the case of optimal control problem 
 
The optimal control problem (7) is numerically solved by the forward-backward Runge-Kutta 
method [20, 23, 24]. The parameter values analogous to the case of constant control parameters for 
𝑅𝑅0 > 1  is used. To implement the objective function, we choose the weight constants as 𝐴𝐴1 =
5,𝐴𝐴2 = 15,𝐴𝐴3 = 10,𝐵𝐵1 = 10 and 𝐵𝐵2 = 10. The dynamic behavior of infectious populations and 
bacterial environments under dynamic control variables are shown in Figure 3(a). 
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(a) (b) 
 

Figure 3. The solution of the S. suis model with control variables 
 
 Importantly, the optimal control strategy is predicted by the model. From Figure 3(b), it is 
suggested that the sterilization on the farm should be kept at 90% per day at the beginning of the 
control course and then be gradually relaxed until it turns into a sudden decline approaching zero 
within a month. Accordingly, it is also suggested that educational campaign should be kept at a 
maximum level for about four days, and then exponentially decrease to zero within a month. As a 
consequence, the results from optimal control totally reduce the growth rates and endemic levels of 
bacteria in the environment, the infected swine population, and the quarantined swine population 
(see Figure 4(a)-(c)). Although it cannot suppress the outbreak on the farm, it successfully prevents 
the epidemic in the human population by diminishing the endemic curve below unity (see Figure 
3(a) and Figure 4(d)). 
 
3.3 Sensitivity analysis 
 
In order to determine the importance of each parameter on the 𝑅𝑅0 , we further examine the 
normalized sensitivity index Ω

𝑅𝑅0
�𝜕𝜕𝑅𝑅
𝜕𝜕Ω
� [25] where Ω is the parameter appeared in basic reproduction 

number. Using the parameter values in Table 1 with 𝛽𝛽1 = 4.0556 × 10−5,𝛽𝛽4 = 9.7556 × 10−5, 
and 𝑢𝑢1 = 0.5, the sensitivity indices of 𝑅𝑅0 to the parameters are shown in Table 2. 

From Table 2, we see that 𝐴𝐴𝑝𝑝 is the most sensitive parameter for 𝑅𝑅0. The second important 
parameter is 𝛽𝛽1. Since the control of 𝐴𝐴𝑝𝑝 is irrelevant, reducing the magnitude of 𝛽𝛽1 has the most 
impact on controlling the epidemic. Therefore, the optimal control strategy should be focused 
together with reduction of 𝛽𝛽1. 
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(a) (b) 

  
(c) (d) 

 
Figure 4. Number of infected population with control and no control 

 
Table 2.  Sensitivity indices of the basic reproduction number 

Parameters Sensitivity indices of 𝑹𝑹𝟎𝟎 
𝐴𝐴𝑝𝑝 1 
𝑘𝑘 0.0402 
𝛿𝛿 −0.0067 
𝑚𝑚 −0.5562 
𝛽𝛽1 0.8886 
𝛽𝛽2 0.0005 
𝛽𝛽3 0.0712 
𝛽𝛽4 0.0397 
𝑞𝑞 −0.1429 
𝑟𝑟𝑝𝑝 −0.4286 
𝜇𝜇𝑝𝑝 −0.8724 
𝑣𝑣1 −0.0335 
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4.   Conclusions 
 
We have formulated a mathematical model of the spread of S. suis among two populations where 
the strategies of sterilize pig farms and educational campaigns are considered. With the constant 
control parameter, we obtained the disease-free equilibrium which is stable when 𝑅𝑅0 < 1 and obtain 
the conditions under which the endemic equilibrium is stable. It was observed that 𝑅𝑅0 does not 
depend on 𝑣𝑣2, the rate at which the susceptible individuals were presumably protected after the 
educational campaign had been operated. 
 The results from the first model were composed of the basic reproduction number, the 
disease-free equilibrium and the endemic equilibrium. We also found that the basic reproduction 
number depended on disinfectant sterilization (the parameter 𝑣𝑣1 ), but it did not depend on the 
educational campaign (the parameter 𝑣𝑣2). However, we observed from the endemic equilibrium (5) 
that 𝑣𝑣2  appeared in 𝐼𝐼ℎ  and 𝐼𝐼𝑝𝑝 , which showed that the educational campaign would affect the 
infectious population. 
 We have shown that the outbreak of S. suis occurs if 𝑅𝑅0 > 1. Under this circumstance, the 
model might process the stable endemic equilibrium which depends on the constant level of control 
parameters. The question then became what happens if such control parameters are not constant. In 
other words, what can we do better to control the outbreak under the same control measures within 
a particular interval of time? Thus, the second model was formulated to address this question. As 
we have shown that the analytic formula of the solution of the optimal control problem is impossible, 
the numerical calculation is thus required.  
 For the optimal control problem associated with the adjoint equation and the optimal 
control characterization, we have presented the results numerically. The solution provides an 
optimal strategy that can be applied to mitigate the spread in both populations. The results show that 
such strategies can be used to reduce the number of S. suis infections. In the present example, the 
results seem to be more effective in controlling the spread in human populations than the spread in 
livestock. The reasons for this are two fold: first, the impact of sterilization on the spread in the farm 
is relatively low. This may be caused by an inappropriate scale of contact rate between the pig and 
bacterial environment. Since the scale of the bacterial environment is usually low compared with 
the scale of the pig population, the scale of transmission parameter under the mass action law should 
be adjusted. Second, the initial number of infected humans is low compared with that of the infected 
pigs. 
 From the sensitivity analysis, the most influential transmission parameter is transmission 
from infectious pigs to susceptible piglets, 𝛽𝛽1. As clinical infections are seen mainly in weaned pigs 
(2–5 weeks after weaning) [26], transmission may occur by the movement and mixing of infected 
pigs to a naive herd. Hence, reducing the value of  𝛽𝛽1 can be achieved by avoiding overcrowding, 
poor ventilation, and mixing of pigs with an age spread of >2 weeks.  
 This study highlights several directions for future investigations such as the generalization 
or restructuring of the pig population by including the asymptomatic carrier group of pig since most 
clinically healthy pigs are carriers of multiple serotypes of S. suis, and the role of carriers in 
transmission is not completely understood.  It is estimated that 100% of pig farms have some S. suis, 
since S. suis is a normal inhabitant of the upper respiratory tract [27]. Moreover, incorporating the 
effects of vaccination into the model may be helpful. As the widely used Bacterin vaccines seem to 
be ineffective, future research may concentrate on how the burden of control measures can be 
reduced based on the degree of efficacy of the vaccine.  
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